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Abstract 

We consider the Cauchy problem for the incompressible Navier-Stokes 
equations in R^, and provide a sufficient condition to ensure the smooth- 
ness of the solution. It involves only two entries of the velocity Hessian. 
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1. Introduction 

This paper is concerned with the global regularity of solutions of the 
three-dimensional Navier-Stokes equation (NSE): 

d,u - vAu + {u-V)u + Vp = 0, mR^x (0, T), 
V ■ u = 0, inR^x (0, T), (1) 

u = uq, on R^ X {t = 0} , 

where T > is a given time, u = (ui,U2,ui,)is the velocity field, p is a scalar 
pressure, and uq is the initial velocity field satisfying V • = in the sense 
of distributions. 

The global existence of a weak solution u to (1) with initial data of 
finite energy is well-known since the work of Leary [19], see also Hopf 
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[15]. However, the issue of uniqueness and regularity of u was left open, 
and is still unsolved up to date. Pioneered by Serrtn [25, 26] and Prodi [24], 
there have been a lot of literatures devoted to finding sufficient conditions 
to ensure the smoothness of u. These conditions involve either 

- the velocity u, see [10, 11, 13, 25, 26, 27, 28], which states 

ueL''iO,T;d'(R')), - + ^ = 1, 3 < yS < <X3; (2) 

a p 

- or several components of the velocity u, the velocity gradient Vu, the 
vorticity uj = curl u, or the pressure gradient Vp, see [1, 2, 3, 4, 6, 5, 8, 
9, 10, 12, 16, 17, 18, 20, 21, 22, 23, 32, 33, 34, 35, 36, 37, 39, 43, 44, 47, 48], 
and references cited therein. 

We remark that many of the regularity criteria established in the above 
cited papers have been extended to the following three dimensional magneto- 
hydrodynamic equations (MHD): 

' d,u + iu-V)u-ib-V)b- Au + Vp = 0, in x (0, oo), 

d,u + (u ■V)b - (b ■V)u - Ab = 0, in x (0, oo), 

V ■u = 0, V ■b = 0, in il^ X (0, oo), 

u = Uq, b = bo, on R^ X {t = 0} . 

Here w = M2, M3) is the velocity field, 6 = Z?2, ^3) is the magnetic field, 
uo, 60 are the corresponding initial data, and p is a scalar pressure. The 
interested readers are referred to [14, 30, 31, 38, 40, 46] and references cited 
therein. 

Motivated by [7] and [42], we consider in this paper the regularity cri- 
terion involving did^u^ and d2d3U3 only. Before stating the precise result, 
let us recall the weak formulation of (1). 

Definition 1. Let uq e L}{R?) with V • mq = 0, and T > Q. A measurable 
R? -valued vector u is said to he a weak solution of (1) if the following conditions 
hold: 

1. ue L~(0, T; L^(R^)) n L^(0, T; H\R^)); 

2. u solves (l)i 2 in the sense of distributions; and 
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3. the energy inequality, that is, 



\u{t% + v \\\Vu{s%ds<\\u{t,)r2, (4) 

for almost every to (including to = 0) and every t > to- 
Our regularity criterion now reads: 

Theorem 2. Let uo e H^(R^) with V • uo = 0, and T > 0. Suppose u is the 
corresponding solution on [0, T] of (1). If 

d,d,u,, d2d,u, G L"(0, T; L^(il')), - + ^ = 2 + ^, 1< ;8 < oo, (5) 

then u is smooth on (0, T). 

Before proving this theorem in Section 2, we collect here some nota- 
tions used throughout this paper and make some remarks on our result. 

The usual Lebesgue spaces U{B?) (1 < q < oo) is endowed with the 
norm |H|^^. For a Banach space {X, \\-\\), we do not distinguish it with its 
vector analogues , thus the norm in X^ is still denoted by |H|; however, all 
vector- and tensor-valued functions are printed boldfaced. We also denote 
by 

dip 2 

dup = — , = didjip = , 1 < z < 3 

OXi ■' OXiOXj 

the first- and second-order derivatives of a function ip; by 

Vhif = {81,82) (f, A/,^ = (^11 -I- ^22) if 
the horizontal gradient, horizontal Laplacian of ^p. 
Remark 3. Noticing that 

we almost establish a Serrin-type regularity criterion via 8183U3 and 8283U3 only. 
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Remark 4. Due to the orthogonal transformation invariance ofNSE (1), we 
easily extends our regularity criterion as 



where {i, j,k} = {\, 2, 3}. 

Remark 5. Our result seems to he more involved than that in [5] in the fol- 
lowing sense. In [5], only conditions on 1 component is needed among the total 9 
components of the velocity gradient tensor 

d<Siu = Vn = ^djUj^ , 

the ratio is 1/9. And our result requires regularity of 2 entries among the total 27 
entries of the velocity Hessian tensor 



the ratio being 2/27, which is less than 1/9. 

Remark 6. In classical and numerical analysis, we do not only rely on the 
graph of the differential to study properties of a function, hut also utilize the graph 
of the Hessian to do so. In this point of view, our result is a complement to that in 



Remark 7. Our proof in Section 2 is different from that in [5, 42], due to 
the our assumptions on the Hessian. We shall first hound ||V/,ii||2, then estimate 
||Vit||2. In fact, tracking the proof of that in [5, 42] we will ohtain a not-so-good 
result. 

2. Proof of the main result 

In this section, we shall prove Theorem 2. First, let us recall and prove 
some technical lemmas. 

The first one being a component-reducing technique due to Kukavica 
and Ziane [17]. 

Lemma 8. Assume u = {ui,U2, u^) e C~(i?^) is divergence free. Then 




15, 42]. 




UidiUjAhUjdx = - V I 




diUjdiUjdju^dx 
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And the next two lemmas are variants of multiplicative Sobolev in- 
equalities in R^, similar in spirit to that in [5]. 

Lemma 9. Let 1 < r < 3. Assume f, g, h g C^(i?^). Then there exists a 
constant C > such that 

f fghdx<c ii/iif 1153/11^ ii^iif \\d,g\\f \\d2g\\f \\h\[^ wdihwf imwf . 

Proof. 

I f g hdxidx2dx3 

< J^^ max I/I • I \g\^ dx3 j ■ \hf dx3 j dx,dx2 



< 



J"^(max|/|| dxidx2 ' J \§\^ dxsj dxidx2 



\h\' dxi, dxidjC2 



r \fr 



\d3f\dx 



Mr 



l^l'-i dxidx2 dx3 



1/2 



|/z|'-i d;cid;c2 dx3 



1/2 



< C 11/11/ ||53/||\ ll^lf ' ll^i^ll^' 11^2^112' \\h\\{ \\dM\^ \\d2h\\^ 



The same argument also yields 

Lemma 10. Let \ < r < 3. Assume f, g, h € C~(J2^). Then there exists a 
constant C > such that 

f fghdx<C ll/llf ||5,/||^ ll^llf 11^2^111^ 11^3^112^ \\h\^ imWf WdMf . 

Jr3 3 ' 
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Proof of Theorem 2. 



Step 1. Preliminary reduction. 

For any s e (0, T), due to the fact that Vu 6 L^{Q, T; L^{E?)), we may find 
a 5 e (0, e), such that Vu{5) e L^{B?). Take this u{6) as initial data, there 
exists an n e C{[6,r\H\B?)) n L^(0,r*-H\R^)), where [6,r) is the life 
span of the unique strong solution, see [29]. Moreover, u e C°°(R^x(6, F*)). 
According to the uniqueness result, u = u on [6, F*). If 7"* > T, we have 
already that u e C^iR^ x (0, T)), due to the arbitrariness of e e (0, T). In 
case F* < T, our strategy is to show that ||Vii(0ll2 remains bounded in- 
dependently of ? y F*. The standard continuation argument then yields 
that [6, F*) could not be the maximal interval of existence of u, and conse- 
quently F* > T. This concludes the proof. 

For this purpose, let us choose a r sufficiently close to F* such that 



where e > is small and will be chosen later on. 

We shall first in Step 2 establish the bounds of \\Vj,u(t)\\2 for t e [t,F*). 
The estimation of 117^(0112 is derived in Step 3. 

Step 2. ||V/,n(0ll2 estimates. 

Taking the inner product of with -A^u, we have 



[\m,d2)d,u,(s)\\; + \\Vu(s)\\l]ds<e, 



(7) 



r 




I UidiU7,AhUjdx 

i?3 



= /i +l2 + h- 



(8) 



Invoking Lemma 8, /i can be rewritten as 



h = 




diUjdiUjd^Ujdx - I 



diUid2U2dsu^dx + I 
Jr3 



d\U2d2U\d-iUT,diX. (9) 
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For I2, I3, it follows by integrating by parts and noticing the divergence 
free condition Vu = 0, that 

h = / \ u^dsUjAijUjdx 

= ~ X I dkmdsUjdkUjdx + - V ^3^3 (dkUj) dx, (10) 



h = /, \ UidiU^AhU^dx 

3 2 



= y ,/, \ djUidiUjdjUsdx. (11) 



Gathering (9),(10)X11) together, (8) becomes 

~\\ykn\\l + v\\VV,M\l < cf \V,u,\-\Vu\-\V„u\dx + C f \d,u,\-\V,uUx 
I at J pi J pi 

= J1+J2. (12) 

We now apply Lemmas 9 and 10 with /3 = -^^to bound Ji, J2 respectively 
as 

/i = C I \VnU3\-\Vu\-\Vhu\dx 



203-1) _J_ 2(fi-l) 2iJ3-l) _2£_ 

< CWVnu^W^'-' WVud^u^Wl'-'WVuW^'-' \\Vuu\\^'-'- ||VVftii||f\ (13) 
J2 = C I I53M3I • |V/,npdx 

203-1) J3_ Mj3-\) 2/j 

< C||c^3"3lir' md,m\\p\\v,M\2'" mkuwr 

< c liv.niip mdsmiif" WVVHuwf' , (14) 

where in the last inequality, we use the divergence free condition V u = 0. 
Substituting (13), (14) into (12), we obtain by Young inequality that 

1 J 40S-1) 203-1) _J_ Jg_ 

--\\V,u\\l + v\\VVjM\l < C\\V,u\\^''-'- \\Vu\\^''-' \\(di,d2)d,u,\\p\\VV,M\r 



< c\\VHU\\i\\vuhm,d2)d^mr^-'' + \mhu\^, 

i.e. 

^ \\VhU\\\ + y WVVhuWl < C WVhuWl WVuh ||(5i, ^2) d,u^\\f^' . (15) 
Integrating this inequality over [t, t], for any t e [r, T*), we get 

||V,n(OII^ + v J \\VV,Ms)\\lds 

Young inequality then implies 
sup ||V,n(0ll2 ^ \\^hU(T)\\l 



< \\V,Mr)\\l + c£ m,d2) d3U,(s)\\f'' \\V,Ms)\\l W^^mi ds. (16) 



T<t<r 

1/5-1 _i_ IIT7-../'oM|2 



+C sup ||V,*i(Oli • J 



T<t<r 

Hence if s in (7) is choose so that 



\\(dud2)d3U,(sX-' +\\Vu(s)r2 



ds. 



we see 



sup ||V„u(0I|1<2||V,«(t)||;. (17) 

T<t<r' 



Step 3. ||Vw(0ll2 estimates. 

Taking the inner product of (1)^ with -Au in L^{E?), we see 

Id. , r 

T-r l|V'u||2 + V ||Ait||2 = (w ■ Vxt) ■ Axtdx 

'33 



= \ (u- Vu) ■ Ahudx + I 



(w ■ Vu) ■ Ahudx +1 (u • Vu) ■ d^nudx 



= K1+K2. (18) 



The term can be dominated similarly as in Step 2, and we find 



\ (u ■ Vu) ■ A^udx 



< C \m,d2) IIV„n||2 \\Vu\\2 + - \\Au\\l . 



(19) 



Meanwhile for Kj, we have, by integrating by parts and noticing the di- 
vergence free condition V ■ u = 0, that 



= ^ I dj,UidiUjdi,UjAx 
i.j=\ 

= ^ ^ I d^UidiUjdsUjdx + ^ I d^u^dju jd^u jdx 

i=i j=i Jr^ j=i 

2 3^ 3 

= I diUidiUjdjUjdx - '^(diUi + d2U2) djUjdiUjdx. 

i=i j=i j=i 

Applying Holder inequality, interpolation inequality, Sobolev inequality 
and Young inequality yields 

K2 < C f \VhU\-\Vu\^dx 

< C||V/,w||2l|Vw||2 

< C\\V,M\2\Wn\\f\\Au\\f 

,2,^„.„.„2 (20) 



< C||V„u||4||Vu||^ + -||Au|l2 



Now, replacing (19), (20) into (18), we get 
d 

j^\\yu,2 

Thanks to (17), we obtain further that 



^ \\Vu\\l + V \\Au\\l < C \\{d,,d2) d,u,\\^'-'' \\V,M^ \\Vu\\2 + C ||V,^i||^ \\Vu\\l . 



— IIV-ull^ + v||Aw||^ < C||V/,ii|p 
dt 



i + m,d2)d^u,\ 



\\Vu\^ 



+AC\\^hu{t)\\\\\Vu\^, on [T,n. 

Invoking Gronwall inequality then implies ||Vw(?)|l2/ 1 £ V^, r*) is uniformly 
bounded, as desired. This completes the proof of Theorem 2. □ 
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